We theoretically study multiphoton ionization of Mg in the circularly as well as the linearly polarized laser fields. Specifically two-, three-, and four-photon ionization cross sections from the ground and first excited states are calculated as a function of photon energy. Calculations are performed using the frozen-core Hartree-Fock and also the model potential approaches and the results are compared. We find that the model potential approach provide results as good as or even slightly better than those by the frozen-core Hartree-Fock approach. We also report the relative ratios of the ionization cross sections by the circularly and linearly polarized laser fields as a function of photon energy, which exhibit clear effects of electron correlations.
I. INTRODUCTION
The interest for studying multiphoton ionization processes by using a circularly polarized (CP) field increased in the beginning of 1970's because of their potential of providing larger ionization cross sections in comparison to a linearly polarized (LP) field. Indeed, for a single-valence-electron atoms such as H and Cs, it has been shown in Refs. [1, 2] that the two-and three-photon ionization cross sections by the CP field are larger than those by the LP field. Soon after that, however, it was realized that this is not always true, especially for multiphoton resonant and near-resonant ionization processes in which more than a few photons are involved [3] . Depending on the atoms and the photon energy, cross sections by the LP field can be larger or smaller than those by the CP field. Reiss gave the correct interpretation of the CP and LP cross section ratio [3] : The ratio could be larger than one only for processes involving up to four-or five-photon ionization. This can be understood as a consequence of the following two reasons: First, if the number of photons involved for ionization is more than a few, there is more chance for the LP field than the CP field to be close to resonance with some bound states during multiphoton absorption. Second, since there are more ionization channels, in terms of the number of the accessible partial waves, for the LP field than the CP field, the sum of all these partial wave contributions could simply become larger for the LP field than the CP field. We note that most of the theoretical studies performed in the above context in those days is mainly for the single-valence-electron atoms and there are no published results for more complex atoms in a CP field.
Time has passed since then, and because of the significant development of theoretical methods and computer powers to calculate atomic structures, it is now possible to calculate multiphoton ionization cross sections for more complex atoms with reliable accuracy.
Although there are quite a few theoretical reports for the multiphoton ionization cross sections beyond the single-valence-electron atoms such as Xe, He, Be, Mg, and Ca [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] , all of them assumes the LP field. Although theoretical data for the multiphoton ionization cross sections for complex atoms by the CP field would provide complementary information to those by the LP field for the purpose of understanding the multiphoton dynamics, such data are still missing in the literature.
The purpose of this paper is to present theoretical results for the multiphoton ionization cross sections of Mg by the CP laser field by using the frozen-core Hartree-Fock (FCHF) and model potential (MP) approaches. By comparing the calculated state energies and oscillator strengths, we find that the MP approach is as good as the FCHF approach for the oscillator strengths. As for the state energies, the MP approach gives even better numbers than the FCHF approach. As a result, for the purpose of calculating multiphoton ionization cross sections of Mg, the MP approach could give even slightly better numbers than the FCHF approach. As additional data, we also provide the ratios of the multiphoton ionization cross sections by the LP and CP fields, which would be very useful from the experimental point of view, since the absolute measurement of the multiphoton ionization cross sections is usually very difficult. The ratio of the multiphoton ionization cross sections of Mg by the CP and LP fields we have obtained exhibits a similar behavior with those reported for the single-valence-electron atoms as well as rare gas atoms [1, 2, 14, 15] .
II. THEORETICAL APPROACH
The Mg atom is a two-valence-electron atom; it consists of a closed core (the nucleus and the 10 inner-shell electrons) and two-valence electrons. As it is already mentioned in the literature [16] there are several approaches to solve the Schrödinger equation for one-and two-valence-electron atom in a laser field. Since the general computational procedure has already been presented in Refs. [6, 9, 10] and the specific details about the atomic structure calculation of Mg have been reported in recent works [11, 12] , we only briefly describe the method we employ. The field-free one-electron Hamiltonian of Mg + , H a (r), is expressed, in a.u., as:
where V ef f (r) is the effective potential acting on the valence electron of Mg + . r represents the position vector of the valence electron, Z the core charge (= 2 in our case), and l the angular quantum number. Depending on how we describe V ef f (r), we consider two approaches in this paper, the FCHF and the MP methods.
The most widely used approach to describe the ionic core would be the FCHF approach.
In the FCHF approach the ionic core of Mg 2+ (1s 2 2s 2 2p 6 ) is given by:
where V HF l represents the FCHF potential (FCHFP) and V p l is the core-polarization potential which effectively accounts for the interaction between the closed core and the valence electrons [6] . Specifically we employ the following form for the core-polarization. . The advantage of the MP approach is that, we practically solve the Schrödinger equation for the two-valence electrons outside the frozen-core which is now modeled by the pseudopotential, and thus the complexity of the problem is greatly reduced.
To start with, we employ the pseudopotential reported in [21] to describe the ionic core of Mg:
where A = 0.583, α = 0.439, B 0 = 11.101, β 0 = 1.383, B 1 = 5.220, β 1 = 0.995, B l≥2 = 0, and β l≥2 = 0 [21] . Note that the core-polarization potential, V Once the one-electron orbitals have been obtained using either FCHFP or MP, we can construct two-electron states as we describe below: The field-free two-electron Hamiltonian,
, can be expressed, in a.u., as,
where H a (r i ) represents the one-electron Hamiltonian for the i th electron as shown in Eq.
(1), and V (r 1 , r 2 ) is a two-body interaction operator, which comprises the static Coulomb interaction 1/|r 1 − r 2 | and the dielectronic effective interaction [6, 22] . r 1 and r 2 are the position vectors of the two valence electrons. By solving the two-electron Schrödinger equation for the Hamiltonian given in Eq. (4), two-electron states are constructed with the configuration interaction approach [6, 9, 10] . Since Mg is a light atom and the LS-coupling description is known to be good, it is sufficient to label the states by L, S, J, and M J which represent the total orbital angular momentum, total spin angular momentum, total angular momentum, and its projection onto the quantization axis, respectively. Furthermore, if we assume that the initial state is a singlet state (S = M S = 0), J and M J , respectively, become identical with L and M L . Thus, the singlet states can be labeled by L and M L only.
Once the two-electron wave functions have been obtained, the two-electron dipole matrix elements can be calculated from state |LM L to state |L ′ M ′ L for both LP and CP fields. Specifically we calculate the effective N-photon bound-free transition amplitude from the ground state of Mg, i.e., 3s 
for the LP field. Having obtained the individual two-electron dipole matrix elements we can calculate the effective N-photon bound-free transition amplitude from the initial bound state, |i , to the final continuum state, |f , within the lowest-order perturbation theory (LOPT). In atomic units, it reads, to the dipole selection rules as we have illustrated above. Finally, the generalized N-photon partial ionization cross section from the ground state, |g , to the continuum state, |c L , is given in a.u., within LOPT, by [4] ,
where α represents the fine structure constant.
III. NUMERICAL RESULTS AND DISCUSSION
Now we present numerical results for the total and partial two-, three-, and four-photon ionization cross sections from the ground state of Mg by the LP and RCP fields. For the calculation of the individual dipole matrix elements in Eq. (5), a spherical box of radius ∼ 300 a.u. and a number of 302 B-spline polynomials of order 9 and the total angular momenta from L = 0 up to L = 4 are employed to represent one-electron orbitals. In order to resolve the sharp resonance peaks appearing in the ionization cross sections graphs, the box radius is varied from 300 to 320 a.u. with a step of 1 a.u.. We have confirmed that the calculated cross sections in both length and velocity gauge are in very good agreement for the FCHFP approach. As for the MP approach, however, it is well known that the correct dipole matrix elements are given only in the length gauge [23] , since the Hamiltonian becomes nonlocal due to the l-dependent model potential (see Eq. (3)). In other words
the disagreement, if any, between the results in the length and velocity gauge for the MP approach with l-dependent model potentials does not imply the doubt on the reliability of the calculated results, but rather it is a measure of the nonlocality of the l-dependent model potential. The same argument holds for the pseudopotential. Therefore all the results for the MP approach reported in this paper have been calculated in the length gauge only.
In Table I First we present numerical results for the two-, three-, and four-photon ionization cross sections from the ground state of Mg by the LP and RCP fields by using the FCHFP. Figure   1 (a) shows the partial two-photon ionization cross sections by the LP field, leading to the 1 S e (dashed) and 1 D e continua (solid) as a function of photon energy, which are in good agreement with those in the literature [10] [11] [12] . As for two-photon ionization by the CP field there is only one ionization channel, and the ionization cross section to the 1 D e continuum is shown in Fig. 1(b) . The solid line in Fig. 1(c) presents the ratio of the two-photon ionization cross sections by the CP and LP fields, σ
LP , as a function of photon energy. For a wide range of photon energy two-photon ionization by the CP field turns out to be more efficient unless there is near-resonant state(s). The ratio of the two-photon ionization cross sections is in very good agreement with the results presented in Refs. [8, 12] . Furthermore the maximum value of the ratio is very close to the ones reported for the single-valence-electron atoms [1, 2, 14, 24] and rare gas atoms [15] , namely ∼ 1.5. Although the reason why we obtain similar values seems to be simply connected to the geometric effects (i.e., angular coefficients) starting from the S symmetry, as employed in the calculation of the dipole matrix elements for the single-valence-electron atoms [25] , it turned out that the things are not so simple, as we will show later on in this paper.
Next we calculate the partial three-photon ionization cross sections leading to the 1 P o (dashed) and 1 F o (solid) continua. The result is shown in Fig. 2(a) for the LP field.
Again our result is in good agreement with those in the literature [10, 12] . The three-photon ionization cross section by the CP field is shown in Fig. 2(b) where the accessible continuum is 1 F o only. The solid line in Fig. 2(c) presents the ratio of the three-photon ionization cross sections by the CP and LP fields, σ
CP /σ
LP , as a function of photon energy. Again, as in the case of two-photon ionization the maximum value of the ratio is very close to the one reported for the single-valence-electron atoms and rare gas atom [1, 2, 14, 15] , namely ∼ 2.5. 1 D e (dashed), and 1 G e continua (solid) as a function of photon energy for the LP field, which is in good agreement with those in Refs. [11, 12] . Since there are three ionization channels for the LP field in contrast to only one ionization channel for the CP field, we expect that ionization by the LP field starts to be more efficient than that by the CP field. For the CP field the four-photon ionization cross section into the 1 G continuum is plotted in Fig. 3(b) , and the ratio of the cross sections by the CP and LP fields, σ
LP , is shown by the solid line in Fig. 3(c) . The maximum value of the ratio is ∼ 4.4 while the minimum value is almost zero. The Mg atom is known to have strong electron correlations, and their effect on the multiphoton ionization spectra and oscillator strengths has been reported in, for example, Refs. [10, 26] . For atoms with strong electron correlations, the values of oscillator strengths and ionization cross sections themselves naturally deviate from the accurate ones if the electron correlation is not fully taken into account. Now we examine the effect of electron correlation in a different context: The question we address now is whether the ratios of the multiphoton ionization cross sections by the LP and CP fields significantly differ with/without electron correlations taken into account. Naively we expect that the change of the ratios would be less sensitive to that of the cross sections themselves. To investigate this, we have repeated the calculations for two simplified configurations: (I) with a form of 3snl (n = 3, 4, ...) only, and (II) 3snl, 3p for two-, three-, and four-photon ionization, respectively, with remarkable differences. For the convenience of comparison, the ground state energy for the simplified configuration (I) has been shifted to the accurate values since the energy deviation turned out to be large.
Recalling that the multiphoton ionization spectra are known to be mostly dominated by the resonant structures arising from the intermediate singly excited bound states [10] , we attribute these differences mainly to the modification of the bound state wave functions, although the differences we see for two-photon ionization ( Fig. 1(c) ) indicate the modifica-tion of the continuum states as well as the bound states due to the presence of the doubly excited states 3p 2 and 3p4p. From these comparisons it is clear that, although the maximal value of the ratios of Mg turned out to be similar to those for single-valence-electron atoms, the physical origin of the similarity would not be the geometric effects, since, if so, the ratios calculated by the simplified configurations (I) should not so much differ from others: The angular coefficients are the same for both full and simplified configurations. Based on this argument, we conclude that the differences in the ratios for the different configurations are essentially due to the dynamic effect (electron correlation) rather than the geometric effect.
The results presented in Figs Table I ). The total three-photon ionization cross sections by the LP field at the photon energy ω = 3.1 eV corresponding to the second harmonic of a Ti-sapphire laser are 1. [9] we consider that the model potential (MP b ) we report in this paper works quite well to describe the Mg atom compared with the FCHFP with a core-polarization correction.
IV. CONCLUSIONS
In conclusion, based on the ab-initio method, we have reported the two-, three-, and four-photon ionization cross sections from the ground and first excited states of Mg by the CP field using the frozen-core Hartree-Fock method and compared the results with those obtained by the model potential method with a core-polarization correction. We have found that the use of the appropriate model potential can lead to comparable or even slightly better description for multiphoton ionization of Mg.
From the extensive calculations, we have found that depending on the photon energy the two-and three-photon ionization cross sections are generally larger for the CP field than the LP field, while starting with four-photon ionization the result might be reversed, which qualitatively agrees with the results for the single-valence-electron atoms and rare gas atoms [1, 2, 14, 15] . This similarity has been clearly seen in the variation of the ratios of multiphoton ionization cross sections rations by the CP and LP fields. The physical origin of the similarity, however, turned out to be different: For our case at hand, it is the dynamic (electron correlation) effects rather than the geometric effects, that determines the ratios, while for the cases in Refs. [1, 2, 14, 15] the dominant contribution would be the geometric effects.
Related to the above, we have also studied the influence of electron correlation in terms of the change of the ratios of multiphoton ionization cross sections by the CP and LP fields, which we primarily assumed to be less sensitive than the values of the cross sections themselves, since some effects of electron correlation can be canceled out when the ratios are taken. Careful examinations have revealed, however, that the clear effects of electron correlation are seen in not only the cross sections but also in their ratios. 
